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We propose a method for computing n-time correlation functions of arbitrary spinorial, fermionic, and bosonic
operators, consisting of an efficient quantum algorithm that encodes these correlations in an initially added
ancillary qubit for probe and control tasks. For spinorial and fermionic systems, the reconstruction of arbitrary
n-time correlation functions requires the measurement of two ancilla observables, while for bosonic variables
time derivatives of the same observables are needed. Finally, we provide examples applicable to different
quantum platforms in the frame of the linear response theory.
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Quantum mechanics is a recipe for computing probability
distributions of measurement outcomes in given experiments,
typically, at the microscopic scale [1]. In development since
the early years of the twentieth century, quantum mechanics
has allowed us to describe the most fundamental properties
of light and matter, such as quantum superposition and entan-
glement [2], or the behavior of elementary particles emerging
from scattering processes [3]. More recently, with the advent
of modern quantum technologies [4–7], quantum mechanics
has become the roadmap for the design of computational pro-
tocols and simulations of physical systems beyond the capa-
bilities of classical devices [2, 8]. In this renewed view, proof-
of-principle experiments have implemented quantum simula-
tions with the promise of an exponential speed-up in the in-
formation processing [10–16].
According to quantum theory, all information about a sys-
tem, its stationary states and its evolution, is encoded in the
Hamiltonian. Nonetheless, for most cases, the extraction of
this information may not be straightforward [17, 18]. There-
fore, alternative strategies are needed to identify and obtain
measurable quantities that characterize the relevant physical
information [19]. A case of particular importance is given
by response functions and susceptibilities, which in the lin-
ear response theory are computed in terms of two-time cor-
relation functions [20–22]. For example, the knowledge of
two-time correlation functions of the form 〈Ψ|A(t)B(0)|Ψ〉,
stemming from perturbation theory, provides us with a micro-
scopic derivation of useful quantities such as conductivity and
magnetization [23]. The reconstruction of time-correlation
functions, however, need not be trivial at all, and could profit
from quantum algorithm and simulation protocols for their
determination. The computation of time correlation func-
tions for propagating signals is at the heart of quantum op-
tical methods [24], including the case of propagating quan-
tum microwaves [25–27]. However, these methods are not
necessarily easy to export to the case of spinorial, fermionic
and bosonic degrees of freedom of massive particles. In this
sense, recent methods have been proposed for the case of two-
time correlation functions associated to specific dynamics in
optical lattices [28], as well as in setups where post-selection
and cloning methods are available [29]. On the other hand,
in quantum computer science the SWAP test [30] represents a
standard way to access n-time correlation functions if a quan-
tum register is available that is, at least, able to store two
copies of a state, and to perform a generalized-controlled swap
gate [31]. However, this could be demanding if the system of
interest is large, for example, for an N-qubit system the SWAP
test requires the quantum control of a system of more than
2N qubits. Another possibility corresponds to the Hadamard
test [32] that requires controlled-time evolutions. The latter
is demanding if the dynamics of interest involve many-body
or time-dependent Hamiltonians. In contrast to this, here we
present a protocol that exploits the natural evolution of the
system and that requires the addition of only one qubit.
Let us thus consider a two-time correlation function
〈A(t)B(0)〉 where A(t) =U†(t)A(0)U(t), U(t) being a given
unitary operator, while A(0) and B(0) are both Hermitian.
Remark that, generically, A(t)B(0) will not be Hermitian.
However, one can always construct two self-adjoint opera-
tors C(t) = 12{A(t),B(0)} and D(t) = (1/2i)[A(t),B(0)] such
that 〈A(t)B(0)〉= 〈C(t)〉+ i〈D(t)〉. According to the quantum
mechanical postulates, there exist two measurement appara-
tus associated with observablesC(t) and D(t). In this way, we
may formally compute 〈A(t)B(0)〉 from the measured 〈C(t)〉
and 〈D(t)〉. However, the determination of 〈C(t)〉 and 〈D(t)〉
depends nontrivially on the correlation times and on the com-
plexity of the specific time-evolution operator U(t). Further-
more, we point out that the computation of n-time correla-
tions, as 〈Ψ|Ψ′〉 = 〈Ψ|U†(t)AU(t)B|Ψ〉, is not a trivial task
even if one has access to full state tomography, due to the am-
biguity of the global phase of state |Ψ′〉 =U†(t)AU(t)B|Ψ〉.
Therefore, we are confronted with a cumbersome problem:
the design of measurement apparatus depending on the sys-
tem evolution for determining n-time correlations of a system
whose evolution may not be accessible. To our knowledge, a
general formalism to attack this problem is still missing, while
alternative algorithmic strategies [33] may be considered.
In this Letter, we propose an efficient quantum algorithm
for computing general n-time correlation functions of an arbi-
trary quantum system, requiring only an initially added probe
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2and control qubit. Moreover, our method is applicable to a
general class of interacting spinorial, bosonic, and fermionic
systems. Finally, we provide examples of our protocol in the
frame of the linear response theory, where n-time correlation
functions are needed.
The protocol works under the following two assumptions.
First, we are provided with a controllable quantum sys-
tem undergoing a given quantum evolution described by the
Schrödinger equation
ih¯∂t |φ〉= H|φ〉. (1)
Second, we require the ability to perform entangling opera-
tions, for example Mølmer-Sørensen [34] or equivalent con-
trolled gates [3], between some part of the system and the
ancillary qubit. More specifically, and as it is discussed in
the Supplemental Material [36], we require a number of en-
tangling gates that grows linearly with the order n of the n-
time correlation function and that remains fixed with increas-
ing system size. This protocol will provide us with the effi-
cient measurement of generalized n-time correlation functions
of the form 〈φ |On−1(tn−1)On−2(tn−2), ...,O1(t1)O0(t0)|φ〉,
where On−1(tn−1), ...,O0(t0) are certain operators evaluated at
different times, e.g., Ok(tk) =U†(tk; t0)Ok U(tk; t0), U(tk; t0)
being the unitary operator evolving the system from t0 to
tk. For the case of dynamics governed by time-independent
Hamiltonians, U(tk; t0) = U(tk − t0) = e−(i/h¯)H(tk−t0). How-
ever, our method applies also to the case where H = H(t),
and can be sketched as follows. First, the ancillary qubit is
prepared in state 1√
2
(|e〉+ |g〉) with |g〉 its ground state, as
in step 1 of Fig. 1, so that the whole ancilla-system quan-
tum state is 1√
2
(|e〉+ |g〉)⊗|φ〉, where |φ〉 is the state of
the system. Second, we apply the controlled quantum gate
U0c = exp [−(i/h¯)|g〉〈g|⊗H0τ0], where, as we will see below,
H0 is a Hamiltonian related to the operator O0, and τ0 is
the gate time. As we point out in the Supplemental Mate-
rial [36], this entangling gate can be implemented efficiently
with Mølmer-Sørensen gates for operators O0 that consist of
a tensor product of Pauli matrices [34]. This operation entan-
gles the ancilla with the system generating the state 1√
2
(|e〉⊗
|φ〉+ |g〉 ⊗ U˜0c |φ〉), with U˜0c = e−(i/h¯)H0τ0 , step 2 in Fig. 1.
Next, we switch on the dynamics of the system governed
by Eq. (1). For the sake of simplicity let us assume t0 = 0.
The effect on the ancilla-system wave function is to produce
the state 1√
2
(|e〉⊗U(t1;0)|φ〉+ |g〉⊗U(t1;0)U˜0c |φ〉), step 3
in Fig. 1. Note that, remarkably, this last step does not require
an interaction between the system and the ancillary-qubit de-
grees of freedom nor any knowledge of the Hamiltonian H.
These techniques, as will be evident below, will find a nat-
ural playground in the context of quantum simulations, pre-
serving its analogue or digital character. If we iterate n times
step 2 and step 3 with a suitable choice of gates and evolu-
tion times, we obtain the state Φ = 1√
2
(|e〉⊗U(tn−1;0)|φ〉+
|g〉⊗ U˜n−1c U(tn−1; tn−2), ...,U(t2; t1)U˜1cU(t1;0)U˜0c |φ〉). Now,
we target the quantity Tr(|e〉〈g||Φ〉〈Φ|) by measuring the 〈σx〉
and 〈σy〉 corresponding to the ancillary degrees of freedom.
Simple algebra leads us to
Tr(|e〉〈g||Φ〉〈Φ|) = 1
2
(〈Φ|σx|Φ〉+ i〈Φ|σy|Φ〉) 12 〈φ |U
†(tn−1;0)U˜n−1c U(tn−1; tn−2), ...,U(t2; t1)U˜
1
cU(t1;0)U˜
0
c |φ〉. (2)
It is easy to see that, by using the composition property
U(tk; tk−1) =U(tk;0)U†(tk−1;0), Eq. (2) corresponds to a
general construction relating n-time correlations of system op-
erators U˜kc with two one-time ancilla measurements. In or-
der to explore its depth, we shall examine several classes of
systems and suggest concrete realizations of the proposed al-
gorithm. The crucial point is establishing a connection that
associates the U˜kc unitaries with Ok operators.
Starting with the discrete variable case, e.g., spin systems,
and profiting from the fact that Pauli matrices are both Hermi-
tian and unitary, it follows that
U˜mc
∣∣
Ωτm=pi/2
= exp [−(i/h¯)Hmτm]
∣∣
Ωτm=pi/2
=−iOm, (3)
where Hm = h¯ΩOm, Ω is a coupling constant, and
Om is a tensor product of Pauli matrices of the form
Om = σim ⊗σ jm , ...,σkm with im, jm, ...,km ∈ 0,x,y,z, and σ0 =
I. In consequence, the controlled quantum gates in step 2
correspond to Umc
∣∣
Ωτm=pi/2
= exp(−i|g〉〈g|⊗ΩOmτm), which
can be implemented efficiently, up to local rotations, with four
Mølmer-Sørensen gates [4, 34, 37, 38]. In this way, we can
write the second line of Eq. (2) as
(−i)n〈φ |On−1(tn−1)On−2(tn−2)...O0(0)|φ〉, (4)
which amounts to the measured n-time correlation function of
Hermitian and unitary operators Ok. We can also apply these
ideas to the case of non-Hermitian operators, independent of
their unitary character, by considering linear superpositions of
the Hermitian objects appearing in Eq. (4).
We show now how to apply this result to the case of
fermionic systems. In principle, the previous proposed steps
would apply straightforwardly if we had access to the corre-
sponding fermionic operations. In the case of quantum sim-
ulations, a similar result is obtained via the Jordan-Wigner
mapping of fermionic operators to tensorial products of Pauli
matrices, b†p→Πp−1r=1σ p+σ rz [40]. Here, b†p and bq are creation
and annihilation fermionic operators obeying anticommuta-
tion relations, {b†p,bq} = δp,q. For trapped ions, a quantum
algorithm for the efficient implementation of fermionic mod-
els has recently been proposed [4, 41, 42]. Then, we code
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We introduce the concept of embedding quantum simulators, a paradigm allowing the e cient
quantum computation of a class of bipartite and multipartite entanglement monotones. It consists in
the suitable encoding of a simulated quantum dynamics in the enlarged Hilbert space of an embed-
ding quantum simulator. In this manner, entanglement monotones are conveniently mapped onto
physical observables, overcoming the necessity of full tomography and reducing drastically the exper-
imental requirements. Furthermore, this method is directly applicable to pure states and, assisted
by classical algorithms, to the mixed-state case. Finally, we expect that the proposed embedding
framework paves the way for a general theory of enhanced one-to-one quantum simulators.
PACS numbers: 03.67.-a,03.67.Ac, 03.67.Mn
Entanglement is considered one of the most remark-
able features of quantum mechanics [1, 2], stemming from
bipartite or multipartite correlations without classical
counterpart. Firstly revealed by Einstein, Podolsky, and
Rosen as a possible drawback of quantum theory [3], en-
tanglement was subsequently identified as a fundamental
resource for quantum communication [4, 5] and quantum
computing purposes [6, 7]. Beyond considering entangle-
ment as a purely theoretical feature, the development of
quantum technologies has allowed us to create, manip-
ulate, and detect entangled states in di↵erent quantum
platforms. Among them, we can mention trapped ions,
where eight-qubit W and fourteen-qubit GHZ states have
been created [8, 9], circuit QED (cQED) where seven
superconducting elements have been entangled [10], su-
perconducting circuits where continuous-variable entan-
glement has been realized in propagating quantum mi-
crowaves [11], and bulk-optic based setups where entan-
glement between eight photons has been achieved [12].
Quantifying entanglement is considered a particularly
di cult task, both from theoretical and experimental
viewpoints. In fact, it is challenging to define entangle-
ment measures for an arbitrary number of parties [13, 14].
Moreover, the existing entanglement monotones [15] do
not correspond directly to the expectation value of a
Hermitian operator [16]. Accordingly, the computation
of many entanglement measures, see Ref. [17] for lower
bound estimations, requires previously the reconstruc-
tion of the full quantum state, which could be a cumber-
some problem if the size of the associated Hilbert space
is large. If we consider, for instance, an N -qubit system,
quantum tomography techniques become already exper-
imentally unfeasible for N ⇠ 10 qubits. This is because
the dimension of the Hilbert space grows exponentially
with N , and the number of observables needed to recon-
struct the quantum state scales as 22N   1.
From a general point of view, a standard quantum sim-
ulation is meant to be implemented in a one-to-one quan-
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FIG. 1. (color online) One-to-one quantum simulator versus
embedding quantum simulator. The conveyor belts represent
the dynamical evolution of the quantum simulators. The real
(red) and imaginary (blue) parts of the simulated wave vector
components are split in the embedding quantum simulator, al-
lowing the e cient computation of entanglement monotones.
tum simulator where, for example, a two-level system
in the simulated dynamics is directly represented by an-
other two-level system in the simulator. In this Letter,
we introduce the concept of embedding quantum simula-
tors, allowing the e cient computation of a wide class of
entanglement monotones [15]. This method can be ap-
plied at any time of the evolution of a simulated bipartite
or multipartite system, with the prior knowledge of the
Hamiltonian H and the corresponding initial state | 0i.
The e ciency of the protocol lies in the fact that, unlike
standard quantum simulations, the evolution of the state
| 0i is embedded in an enlarged Hilbert space dynamics
(see Fig. 1). In this case, antilinear operators, in particu-
lar those associated with a certain class of entanglement
monotones, can be e ciently encoded into physical ob-
servables, overcoming therefore the need of full state re-
construction. The simulating quantum dynamics, which
...
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FIG. 1. (color online) Quantum algorithm for computing n-ti e cor-
relation functions. The ancilla state 1√
2
(|e〉+ |g〉) generates the |e〉
and |g〉 paths, step 1, for the ancilla-system coupling. After that,
controlled gates Umc and unitary evolution U(tm; m−1) applied to
our system, steps 2 and 3, produce the final stateΦ. Finally, the mea-
surement of the ancillary spin operators σx and σy leads us to n-time
correlation functions.
〈b†p(t)bq(0)〉= 〈Φ|(σ p+⊗σ p−1z , ...,σ1z )t σq−⊗σq−1z , ...,σ1z |Φ〉,
where (σ p+⊗σ p−1z , ...,σ1z )t = e
i
h¯Htσ p+⊗σ p−1z , ...,σ1z e−(i/¯)Ht .
N , taking nto account that σ± = 12 (σx± iσy), the fermionic
correlator 〈b†p(t)bq(0)〉 can be written as the sum of four terms
of the kind appearing in Eq. (4). This result extends naturally
to multitime correlations of fermionic systems.
The case of bosonic n-time correlators requires a variant in
the proposed method, due to the nonunitary character of the
associated bosonic operators. In this sense, to reproduce a
linearization similar to that of Eq. (3), we can write
∂ΩτmU˜
m
c
∣∣
Ωτm=0
= ∂Ωτm exp [−(i/h¯)Hmτm]
∣∣
Ωτm=0
=−iOm,
(5)
with Hm = h¯ΩOm. Consequently, it follows that
∂Ωτ j , ...,∂ΩτkTr(|e〉〈g||Φ〉〈Φ|)
∣∣
Ω(τα ,...,τβ )=pi/2, Ω(τ j ,...,τk)=0
=
(−i)n〈φ |On−1(tn−1)On−2(tn−2), ...,O0(0)|φ〉 , (6)
where the label (α, ...,β ) corresponds to spin operators and
( j, ...,k) to spin-boson operators. The right-hand side is
a correlation of Hermitian operators, thus substantially ex-
tending our previous results. For example, Om would in-
clude spin-boson couplings as Om = σim ⊗ σ jm , ...,σkm(a+
a†). The way of generating the associated evolution opera-
tor U˜mc = exp(−iΩOmτm) has been shown in [4, 41, 43], see
also the Supplemental Material [36]. Note that, in general,
dealing with discrete derivatives of experimental data is an in-
volved task [44, 45]. However, recent experiments in trapped
ions [14, 15, 46] have already succeeded in the extraction of
precise information from data associated to first- and second-
order derivatives.
The method presented here works as well when the system
is prepared in a mixed-state ρ0, e.g. a state in thermal equilib-
rium [20, 21]. Accordingly, for the case of spin correlations,
we have
Tr(|e〉〈g|ρ˜) = (−i)nTr(On−1(tn−1)On−2(tn−2), ...,O0(0)ρ0),
(7)
with
ρ˜ =
[
...U(t2; t1)U1cU(t1;0)U
0
c
]
ρ˜0
[
U0†c U(t1;0)
†U1†c U(t2; t1)
†...
]
(8)
and ρ˜0 = 12 (|e〉+ |g〉)(〈e|+ 〈g|)⊗ρ0. If bosonic variables are
involved, the analogue to Eq. (6) reads
∂Ωτ j , ...,∂ΩτkTr(|e〉〈g|ρ˜)
∣∣
Ω(τα ,...,τβ )=pi/2, Ω(τ j ,...,τk)=0
=
(−i)nTr(On−1(tn−1)On−2(tn−2), ...,O0(0)ρ0). (9)
We will exemplify the introduced formalism with the case
of quantum computing of spin-spin correlations of the form
〈σ ki (t)σ lj(0)〉, (10)
where k, l = x,y,z, and i, j = 1, ...,N, N being the number
of spin particles involved. In the context of spin lattices,
where several quantum models can be simulated in differ-
ent quantum platforms as trapped ions [11–13, 16, 47, 48],
optical lattices [10, 49, 50], and circuit QED [51–54], cor-
relations like (10) are a crucial element in the computation
of, for example, the magnetic susceptibility [20–22]. In par-
ticular, with our protocol, we have access to the frequency-
dependent susceptibility χωσ ,σ that quantifies the linear re-
sponse of a spin system when it is driven by a monochromatic
field. This situation is described by the Schrödinger equation
ih¯∂t |ψ〉 = (H + fωσ ljeiωt)|ψ〉, where, for simplicity, we as-
sume H 6= H(t). With a perturbative approach, and following
the Kubo relations [20, 21], one can calculate the first-order
effect of a magnetic perturbation acting on the jth spin in the
polarization of the ith spin as
〈σ ki (t)〉= 〈σ ki (t)〉0+χωσ ,σ fωeiωt . (11)
Here, 〈σ ki (t)〉0 corresponds to the value of the observable σ ki
in the absence of perturbation, and the frequency-dependent
susceptibility χωσ ,σ is
χωσ ,σ =
∫ t
0
ds φσ ,σ (t− s)eiω(s−t) (12)
where φσ ,σ (t− s) is called the response function, which can
be written in terms of two-time correlation functions
φσ ,σ (t− s) = (i/h¯)〈[σ ki (t− s),σ lj(0)]〉
= (i/h¯)Tr
(
[σ ki (t− s),σ lj(0)]ρ
)
, (13)
with ρ = U(t)ρ0U†(t), ρ0 being the initial state of the
system andU(t) the perturbation-free time-evolution operator
[20]. Note that for thermal states or energy eigenstates,
4we have ρ = ρ0. According to our proposed method, and
assuming for the sake of simplicity ρ = |Φ〉〈Φ|, the mea-
surement of the commutator in Eq. (13), corresponding to
the imaginary part of 〈σ ki (t− s)σ lj(0)〉, would require the
following sequence of interactions: |Φ〉 →U1cU(t− s)U0c |Φ〉,
where U0c = e
−i|g〉〈g|⊗σ ljΩτ , U(t− s) = e−(i/h¯)H(t−s), and
U1c = e
−i|g〉〈g|⊗σki Ωτ , for Ωτ = pi/2. After such a gate
sequence, the expected value in Eq. (13) corresponds to
−1/2〈Φ|σy|Φ〉. In the same way, Kubo relations allow the
computation of higher-order corrections of the perturbed dy-
namics in terms of higher-order time correlation functions. In
particular, second-order corrections to the linear response of
Eq. (11) can be calculated through the computation of three-
time correlation functions of the form 〈σ ki (t2)σ lj(t1)σ lj(0)〉.
Using the method introduced in this paper, to measure
such a three-time correlation function one should perform
the evolution |Φ〉 → U1cU(t2 − t1)U0cU(t1)U0c |Φ〉, where
U0c = e
−i|g〉〈g|⊗σ ljΩτ , U(t) = e−(i/h¯)Ht and U1c = e−i|g〉〈g|⊗σ
k
i Ωτ
for Ωτ = pi/2. The searched time correlation then corre-
sponds to the quantity 1/2(i〈Φ|σx|Φ〉−〈Φ|σy|Φ〉).
Our method is not restricted to corrections of observables
that involve the spinorial degree of freedom. Indeed, we can
show how the method applies when one is interested in the ef-
fect of the perturbation onto the motional degrees of freedom
of the involved particles. According to the linear response
theory, corrections to observables involving the motional de-
gree of freedom enter in the response function, φa+a†,σ (t− s),
as time correlations of the type 〈(ai + a†i )(t−s)σ lj〉, where
(ai+a
†
i )(t−s) = e
(i/h¯)H(t−s)(ai+a†i )e
−(i/h¯)H(t−s). The re-
sponse function can be written as in Eq. (13) but replacing
the operator σ ki (t − s) with (ai+ a†i )(t−s). The corrected ex-
pectation value is now
〈(ai+a†i )t〉= 〈(ai+a†i )t〉0+χωa+a†,σ fωeiωt . (14)
In this case, the gate sequence for the measurement
of the associated correlation function 〈(ai + a†i )(t−s)σ lj〉
reads |Φ〉 → U1cU(t − s)U0c |Φ〉, where U0c = e−i|g〉〈g|⊗σ
l
jΩ0τ0 ,
U(t− s) = e−(i/h¯)H(t−s), and U1c = e−i|g〉〈g|⊗(ai+a
†
i )Ω1τ1 , for
Ω0τ0 = pi/2. The time correlation is now obtained through
the first derivative−1/2∂Ω1τ1(〈Φ|σx|Φ〉+ i〈Φ|σy|Φ〉)|Ω1τ1=0.
Equations (11) and (14) can be extended to describe the
effect on the system of light pulses containing frequencies in
a certain interval (ω0,ω0+δ ). In this case, Eqs. (11) and (14)
read
〈σ ki (t)〉= 〈σ ki (t)〉0+
∫ ω0+δ
ω0
χωσ ,σ fωe
iωtdω, (15)
and
〈(ai+a†i )t〉= 〈(ai+a†i )t〉0+
∫ ω0+δ
ω0
χωa+a†,σ fωe
iωtdω. (16)
Note that despite the presence of many frequency compo-
nents of the light field in the integrals of Eqs. (15) and (16),
the computation of the susceptibilities, χωσ ,σ and χωa+a†,σ ,
only requires the knowledge of the time correlation func-
tions 〈[σ ki (t − s),σ lj(0)]〉 and 〈[(a+ a†)(t−s),σ lj(0)]〉, which
can be efficiently calculated with the protocol described in
Fig 1. In this manner, we provide an efficient quantum al-
gorithm to characterize the response of different quantum
systems to external perturbations. Our method may be re-
lated to the quantum computation of transition probabilities
|α f ,i(t)|2 = |〈 f |U(t)|i〉|2 = 〈i|Pf (t)|i〉, between initial and fi-
nal states, |i〉 and | f 〉, with Pf (t) = U(t)†| f 〉〈 f |U(t), and
to transition or decay rates ∂t |α f ,i(t)|2 in atomic ensembles.
These questions are of general interest for evolutions per-
turbed by external driving fields or by interactions with other
quantum particles.
In conclusion, we have presented a quantum algorithm
to efficiently compute arbitrary n-time correlation functions.
The protocol requires the initial addition of a single probe
and control qubit and is valid for arbitrary unitary evolu-
tions. Furthermore, we have applied this method to interact-
ing fermionic, spinorial, and bosonic systems, showing how to
compute second-order effects beyond the linear response the-
ory. Moreover, if used in a quantum simulation, the protocol
preserves the analogue or digital character of the associated
dynamics. We believe that the proposed concepts pave the
way for making accessible a wide class of n-time correlators
in a wide variety of physical systems.
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SUPPLEMENTAL MATERIAL FOR
“EFFICIENT QUANTUM ALGORITHM FOR COMPUTING N-TIME CORRELATION FUNCTIONS”
In this suplemental material we provide additional discussions about the efficiency of our method together with comparisons
of our method to existing ones and specific calculations concerning the implementation of gates.
I. EFFICIENCY OF THE METHOD
Our algorithm is conceived to be run in a setup composed of a system undergoing the evolution of interest and an ancillary
qubit. Thus, the size of the setup where the algorithm is to be run is always that of the system plus one qubit, regardless of the
order of the time correlation. For instance, if we are considering an N-qubit system then our method is performed in a setup
composed of N+1 qubits.
With respect to time-efficiency, our algorithm requires the performance of n controlled gates U ic and n− 1 time-evolution
operators U(t j+1; t j), n being the order of the time-correlation function.
6If we assume that q gates are needed for the implementation of the system evolution and m gates are required per control
operation, our algorithm employs (m+ q) ∗ n− q gates. As m and q do not depend on the order of the time correlation we
can state that our algorithm needs a number of gates that scales as a first-order polynomial with respect to the order n of the
time-correlation function.
The scaling of q with respect to the system size depends on the specific simulation under study. However, for most relevant
cases it can be shown that this scaling is polynomial. For instance, in the case of an analogue quantum simulation of unitary
dynamics, what it is usually called an always-on simulation, we have q = 1. For a model requiring digital techniques q will
scale polinomially if the number of terms in the Hamiltonian grows polinomially with the number of constituents, which is a
physically-reasonable assumption [2–4]. In any case, we want to point out that the way in which q scales is a condition inherent
to any quantum simulation process, and, hence, it is not an additional overhead introduced by our proposal.
With respect to the number m, and as explained in the next section, this number does not depend on the system size, thus,
from the point of view of efficiency it amounts to a constant factor.
In order to provide a complete runtime analysis of our protocol we study now the number of iterations needed to achieve a
certain precision δ in the measurement of the time correlations. According to Berntein’s inequality [1] we have that
Pr
[∣∣∣∣∣1L L∑i=1Xi−〈X〉
∣∣∣∣∣> δ
]
≤ 2exp
(−Lδ 2
4σ20
)
, (17)
where Xi are independent random variables, and σ20 is a bound on their variance. Interpreting Xi as a single observation of
the real or imaginary part of the time-correlation function, we find the number of measurements needed to have a precision δ .
Indeed, we have that
∣∣ 1
L ∑
L
i=1Xi−〈X〉
∣∣ ≤ δ with probability P ≥ 1− e−c, provided that L ≥ 4(1+c)δ 2 , where we have set σ20 ≤ 1,
as we always measure Pauli observables. This implies that the number of gates that we need to implement to achieve a precision
δ for the real or the imaginary part of the time-correlation function is 4(1+c)δ 2 [(m+q)n−q]. Again, c is a constant factor which
does not depend nor on the order of the time correlation neither on the size of the system.
II. N-BODY INTERACTIONS WITH MØLMER-SØRENSEN GATES
Exponentials of tensor products of Pauli operators, exp[iφσ1⊗σ2⊗ ...⊗σk], can be systematically constructed, up to local
rotations, with a Mølmer-Sørensen gate applied over the k qubits, one local gate on one of the qubits, and the inverse Mølmer-
Sørensen gate on the whole register. This can be schematized as follows,
U =UMS(−pi/2,0)Uσz(φ)UMS(pi/2,0) = exp[iφσ z1⊗σ x2 ⊗ ...⊗σ zk ], (18)
where UMS(θ ,φ) = exp[−iθ(cosφSx + sinφSy)2/4], Sx,y = ∑ki=1σ x,yi and Uσz(φ) = exp(iφ ′σ z1) for odd k, where φ ′ = φ for
k = 4n+1, and φ ′ =−φ for k = 4n−1, with positive integer n. For even k, Uσz(φ) is replaced by Uσy(φ) = exp(iφ ′σ y1), where
φ ′ = φ for k = 4n, and φ ′ = φ for k = 4n−2, with positive integer n. Subsequent local rotations will generate any combination
of Pauli matrices in the exponential.
The replacement in the previous scheme of the central gate Uσz(φ) by an interaction containing a coupling with bosonic
degrees of freedom, for example Uσz,(a+a†)(φ) = exp[iφ
′σ z1(a+a
†)], will directly provide us with
U =UMS(−pi/2,0)Uσz,(a+a†)(φ)UMS(pi/2,0) = exp[iφσ z1⊗σ x2 ⊗ ...⊗σ zk (a+a†)]. (19)
In order to provide a complete recipe for systems where Mølmer-Sørensen interactions are not directly available, we want to
comment that the kind of entangling quantum gates required by our algorithm, see the right hand side of Eq. (19) above, are
always decomposable in a polynomial sequence of controlled-Z gates [3]. For example, in the case of a three-qubit system we
have
CZ1,3CZ1,2e−iφσ
y
1CZ1,2CZ1,3 = exp(−iφσ y1 ⊗σ z2⊗σ z3) (20)
Here, CZi, j is a controlled-Z gate between the i, j qubits and e−iφσ
y
1 is local rotation applied on the first qubit. This result can be
easily extended to n-qubit systems with the application of 2(n−1) controlled operations [3].
Therefore, it is demonstrated the polynomial character of our algorithm, and hence its efficiency, even if Mølmer-Sørensen
gates are not available in our setup.
7III. OUR PROTOCOL VS HADAMARD AND SWAP TESTS
Two typical approaches for the measurement of correlations in the context of quantum computing are the Hadamard and the
SWAP tests. The Hadamard test is performed in a setup consisting of the system of interest and a qubit, and thus in terms of
space is as efficient as our algorithm. The performance of a Hadamard gate followed by a controlled unitary evolution, another
Hadamard gate and the measurement of two ancilla operators will lead to the real and imaginary parts of a correlation of the
type 〈U〉, where U corresponds to the controlled unitary. While the evolutions of the system of interest are not controlled in our
protocol, the Hadamard test needs to perform control unitary operations which may not be trivial for many body Hamiltonians
or Hamiltonians depending in time. In this sense our method supposes a significant step forward in simplicity and a notable
reduction in the requirements of our setup. It is noteworthy to mention that our algorithm could access time correlations of
systems that undergo non-unitary dynamics.
In the case of the SWAP test, correlations between two states are measured following a similar scheme, in this case a Hadamard
gate is performed on the ancilla qubit, after that a control SWAP gate is implemented between the two states of interest and finally
a second Hadamard gate is performed on the ancillary qubit. Again local measurements on the ancillary qubit will provide real
and imaginary parts of the correlation between the two states. While our protocol involves only one ancillary qubit, N+1, the
SWAP test needs two copies of the system and the ancillary qubit which makes a total of 2N+1 qubits, this makes our protocol
significantly more space saving.
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